Abstract. A criterion for the unique solvability of and su cient conditions for the correctness of the modi ed Vall ee-Poussin problem are established for the linear ordinary di erential equations with singularities.
Introduction
This paper is devoted to the investigation of a certain modi cation of the Vall eePoussin's boundary value problem, and it seems natural to explain in rst place which modi cation is meant and which factors have led to it.
Let us consider the linear ordinary di erential equation n i = n, ?1 < a = t 1 < < t m = b < +1.
As is well-known, the classical Vall ee-Poussin's boundary value problem is formulated as follows: Find a solution of the di erential equation (1) The solution, naturally, is sought for in the class of n-times continuously di erentiable functions on the segment a; b].
There are a lot of works devoted to the investigation of the Vall ee-Poussin's boundary value problem in this classical formulation (see,
]).
This problem has also been studied with su cient thoroughness in the case when the coe cients of the equation (1) have singularities at the points t 1 ; : : :; t m (see, for example, 2,3,5]). However, in all works devoted to the study of the Vall eePoussin's problem it is assumed that (*) This assumption is not casual. The matter is that if functions p k (k = 1; : : :; l)
have singularities of order n ? n 1 + n 1k and n ? n m + n mk at the points a and b, respectively (in particular, the function p 1 has singularities of order n at the points a and b), then Problem (1), (2 1 ) is not, generally speaking, uniquely solvable even in the simplest case. For example, given boundary conditions (2 1 ), the equation has an in nite number of solutions for n 1 = 1 and su ciently small > 0. Therefore, to provide the solution uniqueness, we have to introduce an additional and, of course, natural condition such as, for example, ( This condition is natural because if the condition (*) is ful lled, than (2 1 ), yields (2 2 ), i.e. Problem (1), (2 1 ), (2 2 ) coincides with the Vall ee-Poussin's problem. However, if the condition (*) is not ful lled, than, as follows from the above example, this is not so.
Problem (1), (2 1 ), (2 2 ) is the generalization of the Vall ee-Poussin's boundary value problem and has not yet been studied with su cient completeness. Here an attempt is made to ll up somehow this gap. In particular, the conditions are established, guaranteeing Problem (1), (2 1 ), (2 2 ) to be Fredholmian and its solution to be stable with respect to integrally small perturbations of the coe cients of equation (1) . It is assumed that the functions p k : I m ! R(k = 1; : : :; l), q :]a; b ! Rbe locally integrable on I m and ]a; b , respectively, where I m = a; b]nft 1 ; : : :; t m g, and the condition (*) is not ful lled. Note that the solution of Problem (1), (2 1 ), (2 2 ) is sought for in the class of functions u :]a; b ! R absolutely continuous together with u (k) (k = 1; : : :; n ? 1) inside ]a; b . 1) The following notation will be used throughout this paper: k; 1; 2 (t) = (t ? a) 1 (3) p 1k (t) p k (t) p 2k (t) for a < t < b (k = 1; : : :; l) :
On imposing certain restrictions on the vector function (p 11 ; : : :; p 1l ; p 21 ; : : :; p 2l ), we obtain an a priori estimate of the solution of Problem (1), (2 1 ), (2 2 ) which is unique for the considered set of coe cients.
Before formulating the main lemma, some de nitions will be given. 1) i.e., on each segment contained in ]a;b . 2) in the case m = 2 Q m?1 i=2 jt ? t i j n ik denotes unity.
De nition 1. Let n 0 2 f1; : : :; n ? 1g and 2]n 0 ? 1; n 0 . The vector function (h 1 ; : : :; h l ) with measurable components h k :]a; b ! R (k = 1; : : :; l) will be said to belong to the set S + (a; b; n; n 0 ; ) 8 : S ? (a; b; n; n 0 ; ) 
If l 2 f1; : : :; n 1 g, then by virtue of ( 2 1 ) and (17) By (2 1 ), (14) and ( By virtue of (25) and (28) we obtain from (20), (23) and (24) From which by virtue of (28) Using (4) and (5) On the other hand, on account of (26), (29), (29 1 ) and (29 2 ) we have Our aim is to prove that u is a solution of equation (1 0 ), where p k : ]a; b ! R (k = 1; : : :; l) are the measurable functions satisfying inequalities (3). 2 2 ). Therefore in view of (5) u(t) 0, which contradicts (34). The lemma is proved. Lemma On the other hand, by virtue of (50) we have inequalities p 1ki (t) p k (t) p 2ki (t) for a < t < b (k = 1; : : :; l) ;
for each i i 0 . If we now use Lemma 1, then the validity of Lemma 3 becomes obvious.
2. Unique Solvability of Problem (1), (2 1 ), (2 2 ) In this section we are going to establish the conditions for Problem (1), (2 1 Therefore by virtue of (58), (58 1 ) and (58 2 (61), (61 1 ) and (61 2 ) taken into account, we conclude that u is the solution of Problem (1), (2 1 ), (2 2 ). The solution uniqueness of this problem follows from the unique solvability of the homogeneous Problem (1 0 ), (2 1 ), (2 2 (1), (2 1 ), (2 2 ) to be uniquely solvable it is necessary and sucient that the corresponding homogeneous Problem (1 0 ), (2 1 ), (2 2 ) have the trivial solution only.
Proof. By Theorem 1 to prove the corollary it su ces to verify that functions p k (k = 1; : : :; l) satisfy condition (53).
First it will be shown that from which due to the arbitrarity of " we obtain (67). By (62), (66) The validity of (65) in the case l 2 f1; : : :; n 1 g is thereby proved. The case l 2 fn 1 + 1; : : :; ng is treated similarly. where n 1 , n 2 2 f1; : : :; n ? 1g, n 1 + n 2 = n, 2 has n roots x 1 ; : : :; x n such that (70) x 1 < x 2 < < x n and x n1+1 = 1 : Here m = 2; l = 1; g 11 (t) (?1) n?n1 1n+1 ( 1 ); g 21 (t) 0 ; p 01 (t) 0; q(t) = t 1?n :
Instead of condition (64) Since the determinant of the latter system di ers from zero, we write c n1+1 = = c n = 0 :
Therefore (68), (69 1 ), (69 2 ) has no solution though all the conditions of Corollary 1 were ful lled except for condition (64 1 ) which was replaced by condition (64 0 1 ). 3 . Problem (1), (2 1 ), (2 2 ) in the case l = 1 In this section we consider the following boundary value problem is the solution of the problem u 000 = r(t); u(a) = u(t 0 ) = u(b) = 0 :
According to condition (78) 1; 2 (r) = r 0 < 1 : Therefore all conditions of Theorem 2 are ful lled. Corollary is proved. and satisfy the boundary conditions (80 1 ), (80 2 ).
The Continuous Dependence of Solutions on Equation Coefficients
Alongside with (1), for each natural number j we consider the equation Let us now prove that starting from some j 0 j 1 the homogeneous equation The contradiction obtained proves Theorem.
